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We study the electronic and optical properties of single-layer phosphorene quantum dots with various shapes,
sizes, and edge types (including disordered edges) subjected to an external electric field normal to the structure
plane. Compared to graphene quantum dots, in phosphorene clusters of similar shape and size there is a set of
edge states with energies dispersed at around the Fermi level. These states make the majority of phosphorene
quantum dots metallic and enrich the phosphorene absorption gap with low-energy absorption peaks tunable by
the electric field. The presence of the edge states dispersed around the Fermi level is a characteristic feature that
is independent of the edge morphology and roughness.
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I. INTRODUCTION
Phosphorene is a single layer of black phosphorus that has
been recently isolated [1]. Unlike its predecessor—graphene
[2]—it has a significant band gap of about 2 eV. Such a
large band gap, in conjunction with the carrier mobility up
to 1000 cm2 V−1 s−1, is anticipated to be more practical,
compared to graphene, for digital electronics [3,4]. However,
any new material [5,6] that is put forward as a candidate to
replace current silicon technology will have to catch up with
it. In other words, it has to start from the end of Moore’s law, to
which current technology is rapidly approaching. The critical
size limit is predicted to be 5 nm; at this space scale, quantum
effects such as tunneling and carrier confinement affect device
performance [7]. In this view, the effects due to the device’s
shape and size gain essential importance, thereby making their
study in systems with edges such as ribbons and quantum dots
a paramount priority. With respect to the optical properties,
spatial carrier confinement brings not only new challenges but
also great advantages such as the decrease of the pumping
threshold current in quantum dot lasers [8].
Despite impressive recent achievements in the synthesis of
nanostructures, such as the rise of self-assembling molecular
engineering [9–12] and nanolithography [13,14], the main
problem with low-dimensional structures is a precise control
of their geometry and edge quality. Concurrently, techniques
with the best outcomes are not easily transferable between ma-
terials. Therefore, properties and effects that are robust against
disorder are of great importance for practical applications.
Here we present the results of our search for universal features
in the variety of phosphorene quantum dots.
The first attempts to synthesize phosphorene nanostruc-
tures have been undertaken. Along with the development of
phosphorene synthesis by mechanical cleavage [1,3,15,16],
liquid exfoliation [17–19], Ag+ plasma thinning [20], and
pulse laser deposition [21], few-layer nanoribbons [22] and
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phosphorene quantum dots [23–25] have been produced. The
theoretical results for regular shapes of phosphorene quantum
dots have been reported. In addition to the size effect in
rectangular dots studied by first-principles calculations [26],
the effects of the shape, size, and external magnetic field
were systematically analyzed within the effective tight-binding
model [27]. Within this model, the influence of the magnetic
and in-plane electric fields in rectangular dots has also been
considered [28]. However, the effect of the electric field
in somewhat more natural back gate geometry, which has
been intensively studied for graphene clusters [29–34], has not
been investigated yet. The effects of edge disorder have not
been investigated either. In the aforementioned studies, the
edges of the quantum dots were taken to be well-defined,
whereas none of the currently available synthesis techniques
ensure such a high edge quality, therefore revealing the effects
of edge disorder is important.
In this paper, we present a tight-binding study of the
electronic and optical properties of small phosphorene clusters
with an applied electric field in back gate geometry. We
also report on a comparative analysis of so-called quasi-zero-
energy states in phosphorene quantum dots with zero-energy
states in graphene dots. We highlight differences between
quasi-zero-energy states in phosphorene clusters and zero-
energy states in graphene ones [35–42]. In the present study,
phosphorene clusters with edge roughness are modeled and
investigated by random fractals. In particular, this model
is employed to find the relation between the number of
quasi-zero-energy states and the edge structure of the quantum
dots, and to outline a route to the design of dielectric clusters.
In what follows, we introduce structures in Sec. II, provide
theoretical details of calculations in Sec. III, discuss the results
in Sec. IV, and summarize the discussion in Sec. V.
II. STRUCTURES CLASSIFICATION
Phosphorene quantum dots (PQDs) are small monocrystal
clusters of phosphorene. A single dot can be imagined as a
piece of two-dimensional (2D) phosphorene enclosed within a
closed polygonal line without self-intersections. This general
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FIG. 1. Classification of phosphorene quantum dots. Shaded and
numbered irregular hexagons are used for cluster-size identification.
The phosphorus atoms without “a pair” in the opposite layer are
highlighted in light gray.
approach is useful for any 2D material. For instance, it can
be used to define a graphene-based superlattice unit cell
[43–45]. Since boundaries in crystals tend to form along
specific crystallographic directions, not every polygon is
suitable for the role of the small cluster boundary. The
puckered honeycomb lattice structure of phosphorene restricts
the variety of simple bounding polygons to triangles and
hexagons. As shown in Fig. 1, each of the bounding polygons
used as a cutting mask admits the isolation of clusters with
two different edge geometries. These two species correspond
to graphene quantum dots with zigzag and armchair edges [38],
therefore by analogy we refer to them as zigzag and armchair
PQDs. Throughout this paper, we use the following labeling
convention: 〈edge type〉 〈shape〉, where 〈edge type〉 is to be
either “Z” or “A,” meaning zigzag or armchair edge geometry,
while 〈shape〉 defined as TRI or HEX means triangular or
hexagonal shape.
TABLE I. The vertex elementary vectors i = (n,m) = na1 +
ma2 in the basis of the primitive translations a1 and a2 and size
factors s for various phosphorene quantum dots.
Quantum dot type
i ZTRI ZHEX ATRI AHEX
1 (0,0) (1,0) (0,1) (2,−1)
2 (1,0) (0,1) (−1,0) (1,1)
3 (0,1) (−1,1) (1,−1) (−1,2)
4 (−1,0) (−2,1)
5 (0,−1) (−1,−1)
6 (1,−1) (1,−2)
s N + 1 N N + 1/2 N − 1/2
Table I summarizes descriptions of the bounding polygons
in terms of primitive translations:
a1 = a(cos φ, sin φ), a2 = a(cos φ, − sin φ), (1)
where a = |a1| = |a2| = 2.537 ˚A and φ = 40.11◦ is the angle
between either of the primitive translations and the Ox axis.
The polygon vertex position vi can be conveniently expressed
as vi = si in terms of the size factor s and the elementary
vectors i given in Table I. Note that to keep a precise
correspondence with the graphene quantum dots [34,36] in
the case of the ZTRI clusters, the three phosphorene atoms
closest to the vertexes must be removed from the structure.
As has been mentioned above, the synthesis of small
phosphorene clusters by liquid exfoliation does not result in
well-defined edges [23,24]. On the one hand, it is evident
that none of the top-down methods (nanolithography, plasma
etching, etc.) can ensure atomically smooth edges. On the other
hand, the bottom-up approaches based on organic precursors
rapidly developing for graphene nanostructures [10,11] cannot
be adapted to the phosphorene structures. Some methods
that can be classified as intermediate ones, for instance
graphene quantum dot production by the decomposition of
C60 fullerenes [12], cannot be straightforwardly adapted for
phosphorene dots either. In other words, in dealing with
phosphorene quantum dots, one inevitably faces a problem
of edge roughness. In this view, the polygon edges mentioned
above should be irregular. To model this edge roughness, we
adopt a random fractal approach that, in comparison to some
other approaches [39,46], preserves the initial triangular or
hexagonal morphology of the dot. Our approach is somewhat
similar to that implemented in Ref. [47], but it avoids vacancies
in the interior of the dots. Instead of keeping the fractional
Hausdorff dimension fixed [47], in modeling the edge disorder
it is more important to make sure the distribution of the vacan-
cies and additional atoms at the structure edge avoids disorder
in the interior. This problem is similar to that of modeling
coastlines in geophysics [48]. Here we take up a practical rather
than strictly mathematical approach. The following algorithm
does not exclude completely self-intersections for triangular
clusters, but it is quite robust in this sense for hexagonal
ones. The occasional self-intersections resulting in cluster
decay into smaller pieces can be interpreted as phosphorene
debris being a byproduct of the dot synthesis. To model the
edge roughness, each bounding polygon edge is replaced by a
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FIG. 2. The bounding polygon randomization. (a) The triangular
notch used in the ideal Koch curve generation together with the main
geometrical parameters. (b) and (c) The outward and the inward
notches with a and b parameters randomized. (d) The replacement
of a polygon edge with the ideal and randomized Koch curve for the
regular triangle and hexagon.
Koch curve [48,49] generated after five iterations with random
parameters [50]. The Koch curve is a fractal structure that can
be obtained by replacing the central one-third of the initial
edge, L, with a triangular notch as shown in Fig. 2(a) and
repeating this operation with each newly produced edge. As
shown in Figs. 2(b) and 2(c), the position of the notch, a,
and its height, b, can be sown evenly in the interval (0,1).
Also, the direction of the notch can be randomly chosen
between the inward and outward as presented in Figs. 2(b)
and 2(c). The result of such a randomization is given in
Fig. 2(d). Thus, the edge roughness can be modeled by
replacing the bounding polygon with the randomized fractal
line—teragon [48]. The above-described procedure is intended
to imitate the result of various uncontrolled fluctuations in
the conditions of quantum dot synthesis. Ideally, it should
be supplemented with the edge relaxation via a geometry
optimization procedure, as has been done for graphene
quantum dots [51,52]. However, to reveal the pure effect of
the edge roughness, we neglect such a relaxation and assume
that all the atoms have the same coordinates as they would have
within the 2D phosphorene. The described procedure results
in an inhomogeneous distribution of the hopping integrals at
the edges of the structure. We note that this type of disorder
is different from that previously studied, for instance, for
graphene quantum dots, where the on-site energies were varied
either throughout the whole structure or its edges [53], or in 2D
phosphorene [54], where vacancies and impurity atoms were
distributed randomly throughout the whole structure.
III. THEORETICAL MODEL
In general, the matrix form of the Hamiltonian is obtained
by expanding electron wave functions in an orthogonal basis
set and calculating the matrix elements of the Hamiltonian
operator between the basis functions. The Hamiltonian is then
an n × n matrix
H =
⎛
⎜⎜⎜⎜⎜⎜⎝
h1 h12 h13 h14 · · · h1n
h21 h2 h23 h24 · · · h2n
h31 h32 h3 h43 · · · h3n
h41 h42 h43 h4 · · · h4n
.
.
.
.
.
.
hn1 · · · · · · · · · · · · hn
⎞
⎟⎟⎟⎟⎟⎟⎠
, (2)
where n is the number of functions in the basis set.
Within the single orbital tight-binding model, the basis
functions are atomic orbitals. Thus, the matrix element hij =∫
V
ψi ˆHψjd
3r , with basis functions ψi , is referred to as the
hopping integral between the ith and j th atomic sites. The hop-
ing integral hii = hi is usually referred to as the on-site energy.
Within the single orbital model, the dimension of the matrix
Hamiltonian is naturally equal to the number of atoms in the
structure. The pz-orbital tight-binding model has been widely
used for the investigation of graphene structures [55] including
monolayer [35,37] and bilayer [32,33] graphene QDs. A
similar model has been deployed for group IV 2D materials
[56] and GaAs monolayers [57]. Unlike carbon orbitals in
graphene, phosphorus atomic orbitals in phosphorene are
sp3-hybridized. Therefore, phosphorene band structure is
described by a mixture of the s and p orbitals. However,
the largest contribution to the wave function close to the
Fermi level comes from pz orbitals [58–60]. As a result,
the low-energy spectrum of single-layer phosphorene can be
described by an effective tight-binding model accounting for
only pz orbitals [61]. It has been shown by Rudenko and
Katsnelson that within this tight-binding model, it is sufficient
to consider only a few nearest-neighbor hopping integrals for
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TABLE II. The tight-binding, ti , and structural, di , parameters
used for phosphorene based quantum dots.
No. ti a (eV) di b ( ˚A)
1 −1.220 2.164
2 3.665 2.207
3 −0.205 2.956
4 −0.105 3.322
5 −0.055 3.985
aReference [61].
bObtained from Ref. [1].
a correct description of the low-energy electronic properties
of single- and double-layer phosphorene [61]. If the distance
between the ith and j th atoms is one of di , presented in Table II,
then hij in matrix (2) is equal to the coupling parameter ti ,
presented in Table II and depicted in Fig. 3. If the distance
between the atoms does not match any of di , then we set
hij = 0. The on-site energies are taken to be zero; hi = 0.
This effective tight-binding model has been widely adopted
to carry out systematic studies on monolayer phosphorene
nanoribbons [62–64] and phosphorene quantum dots [27,28].
Applying a static electric field to the considered system
adds the following potential to the on-site energy:
U = eE · r, (3)
where E is the electric field strength and r is the radius
vector of the given atomic site. For the electric field applied
perpendicular to the flat structure parallel to the xOy plane,
the on-site energy is defined as
hj =
∫
V
ψi ˆUψid
3r = eEzj . (4)
For the phosphorene quantum dots in question, zj =
d2 cos (ϕ − π/2) (where ϕ = 103.69◦) for atoms in the upper
plane and it is zero for atoms in the lower plane.
The study of optical properties of a finite system requires
evaluating the matrix elements of the dipole moment or the
position operator. These matrix elements are conventionally
referred to as optical matrix elements. To calculate these
matrix elements, we present the electric field of the incident
FIG. 3. The tight-binding and structural parameters of the phos-
phorene lattice.
electromagnetic wave as E = Eep, where E is the magnitude
of the electric field and ep is a unit vector specifying the
polarization of the incident wave. In what follows, we consider
a linearly polarized optical excitation propagating normally to
the xOy plane, but our results can be easily generalized for an
arbitrary incident angle and polarization. Then ep is a constant
vector, and without losing generality it can be chosen to be
along the Ox axis, i.e., ep = (1,0). In this way, the position
operator r is reduced to its projection onto the plane-wave
polarization vector, which for the given case is just the x
coordinate.
Next we have to convert the x coordinate matrix element,
xlm =
∫
V
∗l x m d
3r, (5)
to that of the tight-binding model. For this purpose, we
expand the electron wave function i over a set of functions
{ψj }j=1,...,n forming a complete orthonormal basis:
i =
n∑
j=1
cij ψj . (6)
Substituting this expansion into Eq. (5) yields
xlm =
∑
i,j
c∗lj cmi
∫
V
ψ∗j x ψi d
3r. (7)
Within the orthogonal nearest-neighbor tight-binding approx-
imation ∫
V
ψ∗j x ψi d
3r = xiδij = Xij , (8)
or equivalently the matrix form of the x coordinate operator in
the tight-binding model is
X =
⎛
⎜⎜⎜⎜⎜⎜⎝
x1 0 0 0 · · · 0
0 x2 0 0 · · · 0
0 0 x3 0 · · · 0
0 0 0 x4 · · · 0
.
.
.
.
.
.
0 · · · · · · · · · · · · xn
⎞
⎟⎟⎟⎟⎟⎟⎠
, (9)
where xi are the x coordinates of the atomic positions in the
structure. In fact, the coefficients cmi introduced in Eq. (6)
are the components of the eigenvectors C˜m of the matrix
Hamiltonian given by Eq. (2). Thus, the matrix form of
Eq. (7) is
xlm = C˜†l XC˜m =
n∑
j=1
c∗lj cmjxj , (10)
where “†” denotes the Hermitian conjugate.
Utilizing the matrix elements given by Eq. (10), we
calculate the oscillator strength of a dipole oscillator [65] as
Sx(εi,f ) = 2m
h¯2
|xif |2εi,f , (11)
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FIG. 4. Energy levels of phosphorene QDs vs graphene QDs
for triangular and hexagonal shapes with both zigzag and armchair
termination.
where m is the free-electron mass, and εi,f = εf − εi is the
energy of a single-electron transition between the initial and
final states with energies εi and εf , respectively. Knowledge
of the oscillator strength allows one to calculate the optical-
absorption cross section [66,67]:
σx(ε) ∼
∑
i,f
Sx(εi,f )δ(ε − εi,f ), (12)
where summation is carried out over all possible transitions
between the valence and conduction states; δ(ε − εi,f ) is
the Dirac delta function. The losses due to scattering on
phonons, inhomogeneities, etc., can be taken into account
phenomenologically by replacing the Dirac delta function by
a Gaussian with a broadening parameter α:
σx(ε) ∼
∑
i,f
S(εi,f ) exp
[
− (ε − εi,f )
2
α2
]
. (13)
IV. RESULTS AND DISCUSSION
The calculations are carried out for zigzag triangu-
lar (ZTRI), zigzag hexagonal (ZHEX), armchair triangular
(ATRI), and armchair hexagonal (AHEX) quantum dots
(QDs). For the model study, we choose ZTRI, ZHEX,
ATRI, and AHEX PQDs with n = 222, 384, 216, and 366,
characterized by the edge length L = |v2 − v1| ≈ 35.5, 26.2,
33, and 23.7 ˚A, respectively.
A. Energy spectra
We start with a comparison between the phosphorene quan-
tum dots’ (PQDs) energy levels and those of graphene quantum
dots (GQDs), as presented in Fig. 4. A peculiar group of energy
states is observed in the low-energy (close to E = 0 eV) part
of the spectrum in all the selected cluster shapes. These states
do not exist in most of their counterparts—graphene quantum
dots. As one can see, they completely modify the electronic
properties of PQDs compared to GQDs. For instance, the group
of states in ATRI phosphorene QDs totally fills the energy gap,
providing conducting armchair phosphorene QDs [Fig. 4(c)] in
contrast to ATRI graphene QDs, where the energy gap ensures
the semiconducting behavior. The states dispersed near the
Fermi level of an undoped dot, i.e., εF = 0 eV, are localized
at the structure edges. In what follows, we refer to these edge
states in PQDs as quasi-zero-energy states (QZES), and we
denote the number of such states by NQZES.
By setting the coupling parameter t4 = 0, we reveal the
origin of the dispersion asymmetry of the QZES. As seen in
the inset of Fig. 4(a), when t4 = 0, the asymmetry disappears
and NQZES splits into two sets. The first set contains 12 ZES
positioned exactly at εF as in graphene, whereas the second
set contains only two states that are symmetrically arranged
with respect to εF : one from the conduction band and another
from the valence band. From Fig. 4(a) we conclude that there
are 12 ZES in GQD with n = 222 and there are 14 edge states
smeared asymmetrically around the Fermi level in the PQD
when all the coupling parameters are included. Thus, unlike in
triangular graphene quantum dots where NZES = N − 1 [34],
in corresponding PQDs we have NQZES = N + 1.
The origin of the QZES in ZTRI PQDs can be found by
setting the coupling parameters t3 = t4 = t5 = 0 and varying t2
with respect to t1 [62,68,69]. Obviously, when t1 = t2, the total
number of edge states (ZES and QZES) is equal for graphene
and phosphorene ZTRI QDs. At t1 = −1.22 eV and t2 = 2 eV,
the number of ZES is still the same as in graphene, but the
conduction and valence states in PQD move toward the ZES.
With the continuous increase of t2, the two energy states, one
from the valence band and the other from the conduction band,
become well separated from their bands and move toward ZES,
which decreases the energy gaps between ZES and valence and
conduction bands. As t2 increases to 3.665 eV [61], the number
of edge states increases to 14 states symmetrically separated
from conduction and valence band states by εg = 1.5 eV. We
found that the number of states (two states) split off from the
bulk bands does not depend on the cluster size. Adding t3 and
t5 decreases the energy gap between the edge states and bulk
states from 1.5 eV to 1.2 eV with no change to the distribution
of the QZES.
In Fig. 4(b), the energy levels of the hexagonal graphene
QD with zigzag termination and n = 384 are compared with
those of the corresponding phosphorene QD. We note that
for this small size (n = 384), the ZHEX graphene QD has no
edge states, whereas for the same size ZHEX phosphorene
QD there are 16 edge states smeared around the Fermi
energy. To investigate the origin of QZES in hexagonal
zigzag phosphorene, we apply the same strategy as used in
triangular phosphorene clusters. At t1 = t2 it has the same
energy spectrum as for hexagonal graphene clusters. However,
at t2 = 2 eV a new set of energy states (16 energy levels for
n = 384 atoms) fills the energy gap. Increasing t2 to 3.665 eV
leads to gathering of the 16 states with a very small dispersion
forming edge states isolated from the bulk bands by ε  1.4 eV.
The effect of t3 and t5 is the same as in triangular clusters,
i.e., the decreasing of the energy gap between edge states
and bulk states. Introducing t4 = −0.105 eV generates the
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TABLE III. The number of quasi-zero-energy states as a function
of the quantum dot size for various dot shapes. NQZES = Ntop +
Nbottom = |N2 − N1|, where Ntop,bottom are the number of edge atoms
and N1,2 are the total number of atoms in the top and bottom layers
of the phosphorene dot, respectively. N is the number of hexagonal
elements at the edge, as shown in Fig. 1.
Quantum dot type
ZTRI ZHEX ATRI AHEX
NQZES N + 1 2N 2N 2(2N − 1)
N
√
n + 3 − 2
√
n
6
√
12n + 9 − 3
6
√
2n − 3 + 3
6
antisymmetric displacement of the edge states with respect to
the bulk states and a small increase in their dispersion.
The number of new edge states, NQZES, in ZHEX-
phosphorene dots increases by increasing the size of the cluster.
It is given byNQZES = 2N , whereN is the number of hexagons
at the edge.
Figure 4(c) shows a comparison between the energy
levels of armchair triangular quantum dots of graphene and
phosphorene with n = 216. In the ATRI graphene QD, there
is a noticeable energy gap εg  1.3 eV due to the size
effect, while in the ATRI phosphorene QD the energy gap
disappears. QZES in triangular armchair phosphorene QDs
are dispersed inside the energy gap [Fig. 4(c), red squares]
giving rise to a cluster with zero energy gap. The total number
of edge states is 2N , similar to the case of ZHEX-phosphorene
QDs. Figure 4(d) compares the QZES in hexagonal armchair
phosphorene QDs to hexagonal graphene QDs with n = 366.
The total number of QZES in an AHEX phosphorene quantum
dot is NQZES = 2(2N − 1).
Thus, we conclude that the origin of QZES is the distri-
bution of the phosphorene atoms in two layers and t2 > t1.
Table III summarizes the relations between the number of
QZES, NQZES, and the structure size for various types of
phosphorene QDs. A general rule valid for all PQD types
can be formulated as follows: the number of QZES is equal
to the total number of atoms, which are not connected to
nearest-neighbor atoms by t2. The number of QZES in all
types of phosphorene QDs can also be expressed as the sum
of QZES localized at the top (Ntop) and the bottom (Nbottom)
layer, i.e., NQZES = Ntop + Nbottom.
To study the effect of the electric field on the energy levels
of the four types of QDs, we plotted in Fig. 5 their energy level
dependence on the electric fields up to E = 0.4 V/ ˚A. The
upper limit of the field applied perpendicular to the dot plane
was chosen such that it facilitates comparison with the same
field geometry for phosphorene nanoribbons [64]. Similar
electric field strength has been also used in the studies of the
bilayer phosphorene [70,71]. Notably, in all the dots except
the ZTRI ones, the conduction- and valence-band states are
almost insensitive to the field, thereby the primary effect comes
from the QZES. An important difference between quantum
dots with zigzag and armchair edges can be seen. The latter
exhibit splitting of the QZES in two dense groups of states
[Figs. 5(c) and 5(d)], whereas in the former QZES split into
dense and dispersed groups [Figs. 5(a) and 5(b)]. In the case of
FIG. 5. The energy levels as a continuous function of the electric
field strength for (a) ZTRI, (b) ZHEX, (c) ATRI, and (d) AHEX
phosphorene quantum dots.
ZHEX quantum dots, presented in Fig. 5(b), the dense group
contains the same number of energy states as the dispersed
one. For ZTRI quantum dots, only one state split from the
main dispersed group as shown in Fig. 5(b). In all the cases,
the states from different groups belong to different layers of
the phosphorene structure.
B. Optical properties
To study the effect of puckering on the optical properties
of PQDs, we compare in this section the absorption spectra
of different phosphorene QDs and the spectra of similarly
shaped graphene QDs. The optical-absorption cross section,
σ (ε), was calculated for x, y, and z polarizations of the incident
electromagnetic wave. Throughout this paper, the quantum
dot orientation with respect to the coordinate system is fixed
as presented in Fig. 1, Gaussian broadening α = 0.02 eV, and
temperature T = 0 K. In the case of graphene, it was found that
σx and σy are almost the same, whereas σz = 0 [67], therefore
for graphene QDs we consider only the σx cross section. In
contrast to this, the absorption cross sections due to x and y
polarizations are considerably different in phosphorene QDs.
The absorption of a z-polarized incident wave is tiny compared
to that of x or y polarizations, therefore it is not discussed
hereafter.
Figure 6 shows the absorption spectra of various graphene
and phosphorene QDs: (a) ZTRI, (b) ZHEX, (c) ATRI, and
(d) AHEX QDs. The blue absorption peak at ε ≈ 1.2 eV in
Fig. 6(a) represents the optical transition from the highest
occupied energy level (HOEL) in the valence band to ZES and
from ZES to the lowest unoccupied energy level (LUEL) in the
conduction band [72]. This single blue peak in graphene QDs is
replaced by four green peaks representing the same transitions
in phosphorene QDs, as can be seen from Fig. 6(a). The three
peaks between ε ≈ 0.8 eV and ε ≈ 1.2 eV originate from
transitions between the HOEL and the smeared group of QZES
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FIG. 6. Optical-absorption cross sections of different graphene
QDs vs the corresponding phosphorene QDs.
and between these states and the LUEL. The y-absorption
peak around ε ≈ 0.05 eV represents transition between the
QZES. Another important difference between phosphorene
and graphene QDs is that the number of absorption peaks
in the low-energy region is higher in phosphorene QDs than
graphene QDs due to the wider spread of QZES. This dense
absorption spectrum may be useful for the detection of a wider
spectrum of incident wavelengths.
In the case of ZHEX flakes, presented in Fig. 6(b), one
can see a blueshift of the absorption edge in the phosphorene
QD with n = 384 compared to the position of the absorption
edge in the corresponding graphene QD. This shift is due to
the fact that the energy gap in the PQD is larger than that
in the GQD. As can be seen from Fig. 4(b), in the ZHEX
PQD the gap between QZES and bulk conduction and valence
bands is εg ≈ 1 eV, whereas for the ZHEX graphene QD with
n = 384 the energy gap between the conduction and valence
bands is εg ≈ 0.2 eV.
The optical-absorption cross section of ATRI QDs is shown
in Fig. 6(c). The absorption gap, which was a characteristic
feature of the armchair triangular graphene QDs, totally
disappears in the puckered phosphorene QDs, and an almost
continuous absorption spectrum in the region ε < 1 eV is
observed for triangular phosphorene clusters with armchair
terminations.
The absorption cross sections of AHEX QDs presented
in Fig. 6(d) also has an increased number of absorption
peaks and low-energy y-polarized peaks in the absorption
gap for the AHEX PQD that is absent in the AHEX GQD.
The plots of different PQDs show a considerable difference
between the absorption spectra for an incident wave polarized
in the x and y directions. The linear dichroism observed in
selected PQDs is due to the anisotropic nature of phospho-
rene [54,73]. It makes phosphorene QDs an ideal medium
for optical polarizers required in various optoelectronics
applications [4,74].
FIG. 7. The effect of a perpendicular electric field on the optical-
absorption cross section (a,c,e) and the corresponding energy levels
(b,d,f) of zigzag triangular phosphorene QDs.
C. Electric field effect
Let us discuss the effect of an electric field applied normally
to the structure plane on the optical absorption of triangular
and hexagonal phosphorene QDs with zigzag and armchair
terminations. As in Sec. IV A, we choose the electric field
strength used in Refs. [63,64],E = 0.4 V/ ˚A, as the upper limit,
and we supplement the obtained results with calculations for
E = 0.2 V/ ˚A. The chosen upper limit is close to the electric
field strength used in other studies [70,71].
1. Zigzag edges
Optical-absorption cross sections of ZTRI phosphorene
QDs for different values of the electric field are shown in
Fig. 7. It is seen from Figs. 7(b) and 7(d) that the electric
field increases the QZES dispersion and shifts QZES and
conduction-band states toward each other. As can be seen from
Fig. 5(a), at E > 0.2 V/ ˚A only one QZES moves toward the
valence band. The same can also be seen in Fig. 7(f). To discuss
the effect of shifting QZES and conduction-band states toward
each other on the optical transitions, let us consider the three
intense peaks around ε = 1 eV at E = 0 V/ ˚A in Fig. 7(a).
These peaks are due to transitions from the HOEL to the group
of QZES above the Fermi level (peak at ε ≈ 1.2 eV) and from
the QZES below the Fermi level to the LUEL (peaks at ε ≈
0.8 eV and ε ≈ 1 eV). At E = 0.4 V/ ˚A the optical transition
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FIG. 8. The optical absorption cross section (a,c,e) and energy
levels (b,d,f) of zigzag hexagonal phosphorene QDs at different values
of electric field.
at ε ≈ 1.2 eV disappears from the low-energy absorption
and shifts toward higher energies, while the positions of the
other two peaks at ε ≈ 0.8 eV and 1 eV stay almost the
same, as shown in Fig. 7(e). Such behavior suggests that the
transitions occur from the bottom of the QZES band so that the
increase of the QZES dispersion eliminates the effect of the
approach of the conduction-band states toward the QZES as a
group.
It can be seen from Figs. 7(a), 7(c) and 7(e) that with
increasing field there is a noticeable decrease in the intensities
of absorption peaks at ε > 0.8 eV compared to the prominent
low-energy y-polarized peak. This can be attributed to the
decrease of transition matrix elements because the positions
of the peaks stay nearly the same. It is also worth noting
that the red absorption peak for an incident y-polarized
electromagnetic wave at ε  0.05 eV [Fig. 8(a)] experiences
a blueshift with increasing electric field that can be attributed
to the increased smearing of the QZES as a function of the
applied field.
The absorption cross section of hexagonal zigzag phospho-
rene QDs in Fig. 8 shows a totally different behavior under
the influence of electric field. The strong absorption peak [see
Fig. 8(a)] around ε = 0.9 eV occurs due to transitions from
the group of edge states to the LUEL. At E = 0.2 V/ ˚A the
intensity of this peak decreases [see Fig. 8(b)] and vanishes at
E = 0.4 V/ ˚A.
FIG. 9. The optical-absorption cross section (a,c,e) and the cor-
responding energy levels (b,d,f) of triangular armchair phosphorene
QDs under the effect of an electric field.
The group of edge states at E = 0.4 V/ ˚A splits into two
groups. As seen from Fig. 8(f), the group above εF spreads in
the energy gap between edge states and the conduction-band
states. The red absorption peak at ε ≈ 0.05 eV, corresponding
to an upper edge of the highly topical terahertz frequency
range, shown in Fig. 8(a) experiences a decrease in intensity
at E = 0.2 V/ ˚A and disappears at E = 0.4 V/ ˚A. This effect
results from the energy gap opening between QZES shown in
Fig. 8(f).
2. Armchair edges
The energy levels and absorption cross sections of triangu-
lar (Fig. 9) and hexagonal (Fig. 10) phosphorene quantum dots
with armchair edges are studied under the effect of an electric
field applied perpendicular to the structure plane: n = 216 for
the triangular case and n = 366 for the hexagonal case.
Figures 9(b), 9(d) and 9(f) shows that the ATRI edge states
split into two groups, like in ZHEX QDs, with an energy
gap between them that increases with increasing the applied
electric field. The result of this new energy gap is a blueshift
in the edge of the optical-absorption cross section, as shown
in Figs. 9(a), 9(c) and 9(e). Moreover, the absorption peaks
due to transitions between edge states with a photon energies ε
ranging from 0 to 0.5 eV shown in Fig. 9(a) have a comparable
intensity to the peaks corresponding to the transitions from
edge states to conduction (valence) -band states. This behavior
is opposite to that in triangular bilayer graphene QDs with
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FIG. 10. The effect of a perpendicular electric field on the
optical-absorption cross section (a,c,e) and corresponding energy
levels (b,d,f) of hexagonal armchair phosphorene QDs.
zigzag edges where transitions between the edge states are
weak [72]. It also contrasts with selection rules in zigzag
graphene nanoribbons where transitions between the edges
states are strictly forbidden [75–79]. However, it is somewhat
similar to the edge-state transitions in triangular graphene
QDs with the excitonic effects taken into account [30]. By
increasing the electric field, transitions between the edges
states in the ZHEX PQD shift to a higher energy due to the
opening of the energy gap, Figs. 9(d) and 9(f), and the number
of transition peaks decreases as a result of the reduction in
smearing of the edge states [see Fig. 9(f)].
Figure 10 shows the electronic states and optical-absorption
cross sections of hexagonal phosphorene QDs with armchair
termination. In this case, the smearing of the edge states is
small, Figs. 10(b), 10(d) and 10(f), and the transitions between
them are given by two strong absorption peaks (shown in red
and green) at ε  0.05 eV. By varying the electric field, we
can control the position of these two peaks in the absorption
spectrum. For instance, at E = 0.2 V/ ˚A they are situated at
ε  0.25 eV, therefore it is possible to generate controllable
optical transitions within the energy gap of the hexagonal
phosphorene QDs with armchair terminations. Moreover, it
can be seen that at E = 0 V/ ˚A, Fig. 10(a), the red absorption
peak (for an incident y-polarized electromagnetic wave) has
a higher intensity than the green peak (x-polarized incident
wave). However, by increasing the electric field, the situation
is inverted: the green peak becomes more intense than the red
peak. Again, as in ZHEX QDs, the QZES optical transitions
depend strongly on the opening of the energy gap between
QZES, which can be controlled by the applied electric field.
At zero field, the energy gap is almost zero, see Fig. 10(b),
which promotes a strong y-absorption peak. At high values
of the electric field, the energy gap increases, leading to a
decrease in the intensity of the y-absorption peak [red peak
in Fig. 10(e)] and an increase in the x-absorption peak [green
peak at ε ≈ 0.5 eV in Fig. 10(e)]. Therefore, we conclude that
the intensity of the x-absorption peak is directly proportional
to the opening of the energy gap between QZES, and the
y-absorption peak intensity is inversely proportional to the
energy gap.
D. Edge roughness
In this section, we study the effect of edge disorder on the
electronic spectra and optical properties of PQDs. The edge
disorder was modeled as described at the end of Sec. II for all
types of quantum dots considered in Sec. IV C; this means that
the edges of the initial bounding polygons were replaced with
random Koch curves. We consider replacement for AHEX,
ATRI, ZHEX, and ZTRI types of phosphorene dots with the
number of atoms n = 366, 216, 384, and 222, respectively.
For random structures, we keep the same notations as for
the original regular structure with “(r)” appended at the end,
e.g., AHEX is changed to AHEX(r). We also clearly indicate
for each structure the new number of atoms n. The random
structures have edges of neither armchair nor zigzag type,
FIG. 11. The effect of the electric field on the energy levels and
optical absorption of disordered PQDs based on those with armchair
edges. (a,c) The energy levels and (b,d) normalized absorption cross
sections of hexagonal and triangular clusters, respectively.
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FIG. 12. The same as Fig. 11 but for disordered PQDs based on
those with zigzag edges. (a,c) Energy levels and (b,d) absorption cross
section of hexagonal and triangular clusters, respectively.
but their initial shape and crystallographic orientation are
preserved to some extent.
In Fig. 11 we present the energy levels and absorption
spectra with and without a normal electric field for quantum
dots with rough edges based on those with armchair edges—
AHEX(r) with n = 352 and ATRI(r) with n = 215. For clarity,
in this picture the energy levels for E = 0.2 V/ ˚A are vertically
shifted by 0.05 with respect to those at E = 0 V/ ˚A. A vertical
shift of 1 is used for corresponding normalized absorption
spectra of both x and y polarization. Similar plots for irregular
phosphorene dots based on QDs with zigzag edges are shown
in Fig. 12.
In all cases, the quasi-zero-energy states within the bulk
gap, i.e., between conduction- and valence-band states, survive
but become more dispersed forming a wider energy band
around the Fermi level. The number of QZES in random
structures is changed compared to the regular ones, but it
correlates with the number of unpaired phosphorus atoms
(highlighted in Fig. 1) as discussed for regular QDs. The
deviation from the rule was found in the cases when two
atoms without a t2 hopping pair were linked by t1 hopping.
We did not obtain dielectric structures, e.g., without QZES,
in 10 random seeds for each type of irregular PQDs, but
we checked that the QZES disappear if all phosphorus atoms
are paired by t2 hopping. Thus, dielectric clusters can be, in
principle, engineered (see the Appendix). The effect of the
electric field is further broadening of the zero-energy band.
Unlike the case of regular ATRI and AHEX PQDs, the splitting
is not that sharp for the corresponding QDs with irregular
edges, and the two groups of the QZES are less distinctive.
One can also see from Figs. 11 and 12 that edge disorder can
suppress QZES-associated transitions in the case of hexagonal
structures, whereas transitions between the QZES or from
QZES to HOEL and LUEL usually stay strong for triangular
shapes of the dots.
The predicted properties of the individual clusters with edge
disorder could be probed by such spectroscopy techniques
as microphotoluminescence at high frequencies [80,81] and
scanning near-field optical microscopy at infrared frequencies
[82–84].
V. CONCLUSIONS
In summary, we have investigated the electronic and optical
properties of phosphorene quantum dots of triangular and
hexagonal shapes, with regular and irregular edges and with
armchair and zigzag crystallographic orientations. All studied
types of PQDs are metallic due to a set of energy states formed
around the Fermi level. These states are absent in graphene
dots of similar shape, and they are attributed to the puckered
structure of phosphorene. Similar states exist only in triangular
graphene and silicene counterparts with zigzag edges [42,72].
We found that for each type of phosphorene dot with regular
edges, the number of these peculiar states is related to the dot
size indexed by the number of hexagonal elements at one edge;
see Table III.
As a more general rule, which also works for the structures
with disordered edges, the number of quasi-zero-energy states
is equal to the number of phosphorus atoms that do not have
a counterpart atom in the opposite layer. The unpaired atoms
connected by the t1 hopping parameter do not contribute to the
number of new states. Thus, producing dielectric phosphorene
clusters should be a more technologically challenging problem
compared to the metallic ones.
The absorption spectra due to the in-plane x and y
polarizations of the incident light are very different in
phosphorene QDs, whereas two such spectra have similar
shapes in graphene dots. The y polarization mostly contributes
to the transitions within the new set of quasi-zero-energy states.
These new states play a decisive role in the optical properties
of PQDs, increasing the number of absorption peaks in the
low-energy region (<2 eV) of phosphorene quantum dots
compared to graphene ones. Applying an external electric
field to the structure in the out-of-plane geometry greatly
influences these absorption peaks by blueshifting and splitting
them, thereby modifying the absorption gaps. Due to the
quasi-zero-energy states’ robustness against the edge disorder
and their optical activity in the infrared range, the small
clusters of phosphorene could be used as a filler material
for producing composites for electromagnetic shielding. A
strong linear dichroism makes small phosphorene quantum
dots a promising material for infrared polarizers and tunable
polarization-sensitive detectors. In particular, hexagonal dots
with armchair edges demonstrate the most appealing behavior
having an extremely strong, well-isolated absorption peak
tunable in a wide frequency range.
A natural extension of our calculations is to use the
first-principles methods [85]. The many-body effects can also
be taken into account, since they are known to redistribute
energy levels shifting the positions of some absorption peaks
in graphene-based clusters [30,31,34,86–88]. Accounting for
the deeper s-orbitals should result in additional absorption
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peaks at high energies. However, this should not affect the
main conclusions of our work.
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APPENDIX: A DIELECTRIC PHOSPHORENE
QUANTUM DOT
In this Appendix, we demonstrate that dielectric phospho-
rene quantum dots without quasi-zero-energy states (QZES)
are possible, though they are much more rare compared to
those with QZES. Figure 13 shows the energy levels and
absorption spectrum of a dielectric phosphorene cluster of
a round shape with n = 412. Note that it is not the quantum
dot shape but rather the phosphorous atoms pairing with t2
hopping that defines the absence of the QZES. The round
phosphorene clusters with different size have QZES in their
electronic spectra. The inset of Fig. 13(a) demonstrates that
the above-mentioned condition for the existence of a dielectric
cluster is fulfilled, leading to an empty energy gap of about
FIG. 13. The energy levels (a) and optical-absorption cross
section (b) for a dielectric phosphorene quantum dot. The inset in
(a) shows how the coordinate system is oriented with respect to the
cluster.
2 eV. This gap is also present in the absorption spectrum in
Fig. 13(b). As one can see, in this case the spectrum is entirely
defined by the x-polarized transitions between valence- and
conduction-band states, and y-polarized absorption, which is
strong for transitions involving QZES, is negligible. Accord-
ing to our calculations, the application of an electric field
normal to the structure plane up to E = 0.4 V/ ˚A does not
noticeably change the presented energy levels and the optical
spectrum.
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